The set of the fundamental groups of n-dimensional manifold-links in S n+2 for n > 2 is equal to the set of the fundamental groups of surface-links in S 4 . We consider the subset G r g (H) of this set consisting of the fundamental groups of r-component, total genus g surface-links with H 2 (G) ∼ = H. We show that the set G r g (H) is a non-empty proper subset of G r g+1 (H) for every integer g ≥ 0 and every abelian group H generated by 2g elements. We also determine the set G r g (H) to which the fundamental group of every classical link belongs, and investigate the set G r g (H) to which the fundamental group of every virtual link belongs.
Manifold-link groups
Let M be a closed oriented n-manifold with r components. An M -link (or an M -knot if r = 1) is the image of a locally-flat PL embedding M → S n+2 . We are interested in the (fundamental) group of
We consider the set
where we consider
A ribbon M -link is an M -link obtained from a trivial 2-sphere link by surgeries along mutually disjoint embedded 1-handles in S 4 (see [11, p.52] ). Let RG r [2] 
= {G(L) | L isaribbon M −link, ∀M }.
Then we have the following theorem:
In [16] , T. Yajima shows that if a group G has a Wirtinger presenation ⟨x 1 
and a word w j on x i (i = 1, 2, . . . , k), and a basis m for 
Grading the surface-link groups
Similarly, letting RG 
Using RG r (H) = G r (H) by Theorem 1.1, we obtain the following corollary. 
is the set of S n -knot groups for every given n 3 (see M. A. Kervaire [12] ), a weaker result of this theorem for r = 1 and H = 0 is found in [8, p.192] .
Proof. The first claim is direct by Hopf's theorem saying that there is an epimorphism
For the second claim, we first observe by a result of R. Litherland [13] , 3 ) (e.g., the 2-twist-spun trefoil), and a ribbon 
Classical link groups
where E(L To prove this theorem, we need some preliminaries. 
where σ(M ) denotes the signature of M (taking 0 when n is odd). 
on the cohomology with Λ coefficients (see [6] ), we see from the universal coefficient theorem over Λ in [6] that rank Λ N c = rank Λ N is equal to the Λ-rank of the image of the dual Λ-homomorphism
, which is equal to rank Λ (f ). Considering the Λ-intersection form Int Λ over the quotient field Q(Λ) of Λ to obtain a non-singular Q(Λ)-intersection form, we can see from [5] that We are now in a position to prove Theorem 3.1. 
1 by attaching, for every i, the boundary component [7] . By the compact support cohomology exact sequence for (X,X V ) withX V = ∪ 
